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THEOREM. Let E and F be Banach spaces, and U: E + F a bounded linear 
operator. The following are equivalent: 
(a) U is an Asplund operator. 
(b) Let (X,) be a sequence of Bochner measurable functions with values in E 
and sup” IlX,ll < co a.e. I f  (X,) converges scalarly to 0 in E, then (UX,) converges 
to 0 weakly in F almost everywhere. 
(c) I f  (X,) is a weak sequential potential of class (B) in E, then (UX,,) 
converges to 0 weakly in F almost everywhere. 
(d) If  (X,,) is a strong potential of class (B) in E, then (UX,) converges to 0 
weakly in F almost everywhere. 
Let (a, x, P) be a probability space and let E be a Banach space. If a 
sequence X,, : J2 + E of Bochner integrable functions converges to 0 in the 
sense: 
(1) For everyfE E*, jXn + 0 a.e., 
does it follow that it also converges in the sense: 
(2) For almost every w  E J2, (XJw)) converges weakly to O? 
In general it does not follow. If E* is separable and sup” jjX,(w)(] < co a.e., 
then it does follow. A special case of the theorem proved here shows that the 
separability of E* is necessary as well as sufficient for this conclusion. This 
was first proved in [2]. 
In [4], it is proved that an amart of class (B) in a Banach space E 
converges weakly a.e. provided E and E* have the Radon-Nikodym 
Property (RNP). It was left open whether RNP in E* is necessary as well as 
sufficient. In [2], Brunel and Sucheston gave a partial answer, by using 
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“weak sequential amarts” rather than (strong) amarts. Their result follows 
from the implication (c) * (a) in the theorem proved here. 
The crux of the argument is that Stegall’s “Haar operator” H: 1’ --t Lm 
allows one to define a strong potential X,, in I’ such that H(X,) does not 
converge weakly to zero a.e. 
Of course the hypothesis really used in [4] is separability of E*; it is 
another result of Stegall [lo] which connects this with RNP. 
1. DEFINITIONS 
Let E, F be Banach spaces, and U: E -+ F an operator. Then U is a 
Radon-Nikodym operator [6, 91 iff for any probability space (QST, P) and 
any vector measure m: .F+ E with bounded P-average range, the measure 
U o m: F + F has a Bochner integrable Radon-Nikodym derivative. The 
following are equivalent to this definition: 
(1) If (X,) is an L’-bounded martingale in E, then UX,, converges 
strongly a.e. in F. 
(2) If C is a bounded subset of E and E > 0, then there is a slice S of 
C such that U(S) has diameter less than E. 
(3) If A: L’[O, I] + E is an operator, then there is a factorization: 
L’[O, 11 &E--SE: 
A/" 
1’ 
In [ 10, 1 I], Stegall defines an operator H as follows. Let A be the Cantor 
set with Haar measure p. Let {Ani: n E N, 1 < i < 2”} be the canonical 
intervals in A, SO that p(A,,)= 2-“, A,+,,zi-l UAn+i,2i=A,i, A,,, is clopen. 
The Haar functions h,i : A + IR are defined by 
\ 
If {eni : n E N, 1 < i < 2”} is an enumeration of the basis of l’, then the Haar 
operator H: 1’ + L *(A, ,u) is defined by 
H(e,,) = h”i. 
The following theorem is due to Stegall [ 111. 
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THEOREM. Let U: E -+ F be an operator. Then the following are 
equivalent. 
( 1) IP is a Radon-Nikodym operator. 
(2) u* factors through a space with RNP. 
(3) P maps closed bounded convex subsets of F* to dentable subsets 
of E*. 
(4) If (p: F+ [R is continuous and convex, then ~0 U is Frechet 
dtJ?erentiable on a dense subset of E. 
(5) U is not a factor of the Haar operator H: 
E&F 
(6) U factors through a space, every separable subspace of which has 
separable dual. 
A space E for which the identity operator satisfies (4) is called an 
Asplund space [8]. Therefore, we will call an operator U satisfying these 
conditions an Asplund operator. 
Let X, : Sat E be Bochner measurable functions from a probability space 
(a, Y, P) to a Banach space E, and let X, : Q --t E be Bochner measurable. 
Then the sequence (X,) converges weakly to X, almost everywhere iff there 
is a null set Q, G R such that, for all w  E O\L?,, and all f E E*, we have 
f (X,,(o)) +f (X,(w)). The sequence (X,,) converges scalarly to X, iff for 
every f E E* there is a null set Gfs 0 such that, for all o E LI\LZ,, we have 
“u&(w)) -f (X,(w)). 
Terminology concerning vector-valued amarts can be found in [ 1, 4, 51. 
For our purposes we recall that an adapted sequence (X,) of Bochner 
integrable random variables is a (strong amart) potential iff (i) the net 
C-f -K dp) converges strongly and (ii) the Pettis norm 
sup I Ifl,&)l dW) -+ 0 as n + co, where the sup is over all fE E* with 
Ilf II G 1. 
2. A CHARACTERIZATION OF ASPLUND OPERATORS 
THEOREM. Let E and F be Banach spaces, and U: E + F a bounded linear 
operator. The following are equivalent. 
(a) U is an Asplund operator. 
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(b) Let X,,: a + E be a sequence of Bother measurable functions from 
a probability space s1 to E with sup,, IlX,,(w)ll < 00 for almost all w E 0. If 
(X,,) converges scalarly to 0, then (UX,) converges weakly to 0 a.e. 
(c) If (X,) is a weak sequential potential of class (B) in E, then (UX,) 
converges to 0 weakly a-e. in F. 
(d) If (X,) is a strong potential of class (B) in E, then (UX,) 
converges to 0 weakly a.e. in F. 
Proof. (a) * (b). Suppose U is an Asplund operator. Then by Stegall’s 
Theorem, U can be factored, 
where every separable subspace of A has separable dual. Let X, : 0 --t E be 
Bochner measurable, sup ]]X,, I] < co a.e. and suppose X, converges scalarly 
to 0. There is a separable subspace A, of A such that P{ VX, @ A,} = 0 for 
all n. Now AT is separable; choose a countable dense set { fk}pc 1. For each 
k there is a null set 0, G 0 such that fk VX,, + 0 on Q\0,. By density of 
{fk}Fz, and boundedness of {I] VXn(w)]]}$,, we have fvX,,(w) + 0 for all 
f E AT and all w  E a\lJ, a. But then UX,, = WVX, converges weakly to 0 
in F almost everywhere. 
(b) + (c). Let (X,,) be a weak sequential potential of class (B) in E. If 
f E E*, then jX, is a scalar potential, hence jX,, --) 0 a.e. That is, X, 
converges scalarly to 0. By the maximal theorem [4], sup \]X,,j] < co a.e. 
Therefore UX,, converges weakly to 0 in F. 
(c) + (d). Any strong amart potential is a weak sequential potential 
ill. 
(d) G- (a). This is the interesting part of the proof. Suppose U is not an 
Asplund operator. Then by Stegall’s Theorem, U is a factor of the Haar 
operator H, 
E ‘,F 
i 1 
T  
1’ d LoD(d) 
ti 
I claim it suffices to exhibit a strong amart potential (X,,) of class (B) in 1’ 
such that HX, does not converge to 0 weakly a.e. in L*. Indeed, then (SX,) 
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will be a strong amart potential of class (B) in E, but (USX,) will not 
converge to 0 weakly a.e. in F. 
Recall that {e,, : n E N, 1 < i < 2”) is the basis of I’ and H(e,J = hni. Let 
f2=A and P=p. Define X,,:A-+l’ by 
xn(w)=f J$ 2 h,i(W)e*i. 
m-l i=I 
We will prove that (X,) has the required properties in several stages. 
(1) X, is L”O-bounded, and hence of class (II). For any w  E 0, 
IIXn(w)(Jp = i: 5 1 ih,,(w) 1 = 5 ‘= 1. 
m=l i=l m=l n 
(2) HX, does not converge weakly to 0 a.e. in L”O(A). Since .the range 
of H is contained in C(A), it suffices to show that HX,, does not converge 
weakly to 0 in C(A). For o E A, we have 
HX,(w)(w) =; ‘f 5 h,,(w) h,,(w) = ; $ 1 = 1, 
m-1 i=l m-1 
so HX,(o) does not converge weakly to 0. 
(3) For any number p, 2 <p < a~, there is a constant C, such that for 
any scalars aNi with Jani < 1, 
a,,,, h,,(w) ’ P(dw) < C, ti12. c*> 
By convexity, it suffices to prove the inequality for o,i = f 1. But then the 
set {am,hmi}m,i has the same distribution as {h,i}m,i; and in this case the 
inequality is known as “Khintchine’s inequality.” 
(4) as r increases in T. 
Choose p, 2 <p < co, and let 0 < a < (p - 2)/(2p - 2), so that 
p/2--(p-l)> 1; for example, take p=7, a=:. Let sn=n-“. Given 
fC I’* with llfll< 1, write a,, =f(e,,), so that Ia,J Q 1 for all n, i. By (3), 
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and hence for I > 0, 
Let t be a bounded stopping time, t > A? Then 
n=N 
n=N 
which(sincea>Oandp/2-a(p-l)>l)tendstoOasN+co. 
(5) (X,) is an amart. 
which tends to 0. 
(6) (X,) is a potential, since the Pettis norm 
,;f& j Ifx,@I P(d~) tendstoOasn+co. 1 
It is interesting to compare this result with other amart convergence 
theorems: let U: E + F be an operator. 
(1) U is a Radon-Nikodym operator if and only if for every La- 
bounded martingale (X,) in E, the image (KY,) converges weakly a.e. in F. 
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(2) u* is a Radon-Nikodyrn operator if and only if for every L *- 
bounded amart potential (X,) in E, the image (KY,) converges weakly a.e. 
in F. 
(3) U and u* are both Radon-Nikodym operators if and only if for 
every L”O-bounded amart (X,) in E, the image (KY,) converges weakly a.e. 
in F. 
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